A method based on the kinetics of crystal growth has been developed and applied to the computation of three-dimensional microstrucuture in austenite-matensite steels. The detailed crystallography of the transformation is used to model a realistic martensitic microstrucuture during the transformation without an external system of stresses. The interaction energy based on the plastic work model is taken into account to compute the variant selection in an austenitic stainless steel and formation of martensite under externally applied stress.
Introduction
Martensitic Transformation in steels normally occurs in an athermal manner, during cooling in a temperature range that can be accurately determined for different steels. When the martensitic transformation occurs, the austenite transforms to martensite through a shape change which is an invariant plane-strain (IPS) [1] . The rate of transformation can reach the speed of sound in metals. Martensite forms in 24 crystallographic variants in each austenite grain. The chemical driving force ∆G which depends on the composition and transformation temperature applies to all the variants equally. Generally, each variant has an equal chance of existence. However, since martensitic transformation is a deformation, an externally applied stress will favour those variants that comply with the stress and as a result variant selection occurs [2] .
Consider an austenite grain with sample axes which are defined by an orthonormal set of basis vectors [γ; a 1 ], [γ, a 2 ], and [γ, a 3 ]. The matrix notation used here is due to Bowles and MacKenzie [27] .The real basis is referred to as 'γ' and its corresponding reciprocal basis is defined using the basis symbol 'γ * '. The IPS can be represented by a 3 × 3 matrix (γ P γ) such that [1, 3, 4] : 
where
are the components of d in the γ basis, a unit vector which points toward the direction of the displacement. [p, γ * ] are the component of the unit invariant-plane normal in the γ * basis (normal to the habit plane). m is the magnitude of the shape deformation.
The variant selection occurs if the transformation develops under the externally applied system of stresses. The interactions between martensite and these stresses affects the mechanical free energy of the individual variants depending on their crystallographic orientation and will produce an energy which adds to the chemical driving force. Variant selection occurs when the interaction energy is large enough compared to the chemical free energy ∆G [5, 6] .
Different approaches have been used to calculate the interaction energy U between applied stress and the transformation strain. Humbert et al. [6] used a method based on the elasticity theory rather than the plastic model of Patel and Cohen [2] . However, since the transformation strain is plastic, the plastic work explained in Ref [2] gives the correct value of interaction energy [5] . According to Patel and Cohen, the interaction energy between the applied stress and martensitic transformation can be simply described as
where σ N and τ are the normal component of stress and corresponding resolved shear stress on the habit plane in the shear direction, δ and s are the dilatational and shear strains due to martensitic transformation, respectively. When the normal stress is tensile, σ is positive, while the compressive stress makes its numerical value negative. The shear component of the stress is always positive during uniaxial loading [2] . This implies that shear stresses will always aid the transformation while the normal stress may stimulate the martensitic transformation if it is tensile, or oppose it in the case that this component of stress is compressive. Kundu et al. [5, 7, 8] used the combination of crystallographic theory and interaction energy in their calculation and reliably predicted the overall texture due to martensitic transformation.
In the last few decades, the phase field modelling has been used as a powerful computational method for predicting morphological and microstructural evolution in martensitic phase transformation. Different models have been put forward by various groups of scientists, for instance, Falk [9] proposed a one dimensional model for martensitic phase transformation and exploited the shear strain as the order parameter, Barsch and Krumhansl [10, 11] derived governing equation for proper martensitic phase transformation through Ginzburg-Landau theory, Saxena et al. [12] and Rasmussen et al. [13] worked with dimensionless and scaled local deviatoric strains as order parameter, Ahluwalia et al. [14, 15] introduced a polycrystal model based on the continuum elasticity, Cui et al. [16] proposed a two dimensional model for generic hexagonal to orthorhombic phase transformation, Shchyglo et al. [17] suggested a systematic way to construct the Landau free energy function in NiTi and NiTiCu shape memory alloys, Wang and Khachaturyan [18] proposed a realistic three-dimensional phase field simulation for the generic improper cubic to tetragonal transformation in a single constrained crystal, Li et al. [19] presented a model to predict the precipitation of rhombohedral in a cubic matrix in Ti 11 Ni14, Artemev et al. [21] studied the effect of external stress on martensitic phase transformation and shown that external stresses increase the production of those variants which are favoured by applied stresses, Artemev et al. [20] also suggested a model for proper martensitic transformation and simulated two different types of cubic to tetragonal transformation, Jin et al. [22] presented a phase field model for the cubic to trigonal transformation in AuCd alloy, Yamanaka et al. [23] suggested an elastoplastic model to simulate cubic to tetragonal transformation for an elastic perfectly plastic material. In the last years, Levitas et al. developed the Ginzburg-Landau theory for proper martensitic phase transformation in various aspects. They proposed their model in three papers: in the first paper [24] , 2-3-4 polynomial for thermal part of Gibbs energy was used and the transformation strain was coupled with the order parameter through 2-3-4 polynomial or quadratic; in the second paper [25] , the austenite-martensite Landau model was developed to cover martensite-martensite transformation; and in the third paper [26] , it is shown that the 2-3-4-5 polynomial is not the only Landau potential that could be used and alternative Landau potentials were introduced, 2-4-6 polynomial in the Cartesian coordinate system, and two potentials in the hyperspherical coordinate system. All these researches among others have revealed the huge capabilities of phase field modelling in predicting the microstructure evolutions at mesoscale. However, this method could be sometimes mathematically cumbersome. Therefore, the need for fast computational methods for the simulation of the microstructure evolution is becoming important.
In the present work, mathematical models have been programmed to simulate the martensitic transformation. The microstructure of martensite is, firstly, computed when no external stress is applied. For this, a set of crystallography data is deduced using the theory of martensite and employed in calculations. Secondly, during the transformation under an external system of stresses, the same method as used in Ref. [5] is employed. A set of crystallographic data for an austenitic stainless steel is used to programme the growth of martensitic variants in an individual austenite grain. This theory is consistent with all the experimentally observed features of the martensitic transformation [1, 3, 27, 28] . Through the present work, it is assumed that the materials is free from defects. However, the real materials always have defects which play a significant role in the evolution of martensitic microstructure. Also in the present computation, the stress or strain interactions between plates are not accounted for. The presented model can be used for modelling the martensitic transformation in steels as an alternative method for phase filed method. This model is mathematically simpler and is able to compute the microstructure much faster than phase field method. The proposed model benefits from using the phenomenological theory of martensite crystallography which describes the crystallography and shape of martensite plates correctly.
Crystallography
Equation 1 can be simplified as:
where I is the identity matrix. There exist 24 different martensite variants in any asutenite grain, and hence resulting in 24 different IPSs. Fig. 1a shows an arbitrary vector u traversing an austenite grain before transformation. ∆u indicates its intercept with the austenite grain which will transform to martensite. Because of the transformation, the vector u becomes a new vector v as illustrated in Fig. 1b . The components of this new vector can be determined as follows [5] : The change in shape caused by the formation of a particular martensite plate i in an austenite grain, (γ P i γ) ≡ P i is known from the crystallographic theory developed for martensite [3, 28] . Knowing this deformation, it is possible to deduce the remaining 23 matrices for a grain of austenite in the sample frame of reference using symmetry operations. Each can be formulated using a similarity transformation as follows:
where the matrix (S J γ) refer to rotation relating the grain of austenite to the sample axes, and (γ J S) indicates the inverse of this rotation matrix. In such a way, one is able to calculate the components of vector v in the reference frame of the sample.
3 Volume fraction of martensite 3.1 Transformation from stress free austenite
The fraction of martensite that forms at any temperature increases with the under cooling below the martensite start temperature. Many researchers have studied the relationship between the martensite volume fraction f α and the quenching temperature. Koistinen and Marburger [29] have proposed an empirical relationship which is called "exponential relationship" as:
where β is approximately equal to a constant of -0.011 for the martensitic transformation in steels of which the carbon weight content is less than 1.1% [30, 31] . M s is the martensite start temperature and T is the quenching temperature in Kelvin. M s can be estimated as follows (concentrations in wt %) [32] : 
Transformation in the presence of applied stress
Patel and Cohen [2] studied the effect of applied stress on the temperature (M s ). They considered transformation under three different conditions: uniaxial tension, uniaxial compression, and hydrostatic pressure and concluded that external stress contributes algebraically to the free energy change altering the M s temperature. Their results are summarized in Table. 1.
Stress system
Uniaxial tension Uniaxial compression Hydrostatic pressure dMs dσ +0.15 Interestingly, M s is raised by compression, since the shear strain is much larger than dilatational strain and contributes more effectively than the (negative) compressive normal component which opposes it. In tension, both shear and (positive) normal components of stress aids the transformation and thus the temperature M s is raised even more. M s is lowered by hydrostatic pressure, since this stress system opposes the transformation. All these three conditions of applied systems of stresses are included in the computer program. However, the results only for an austenitic stainless steel are presented in the section 5 due to the lack of a complete set of data. The role of the interaction energy and the procedure to calculate the normal and shear components of the external stress are explained in section 5.2 where the numerical results for variant selection are presented. The volume fraction of martensite is used in this computation as a stopping condition.
Nucleation Rate 4.1 Isothermal transformation
Pati and Cohen used quantitative metallographic techniques to evaluate nucleation rates during isothermal martensitic transformation [35] . They measured the nucleation rate directly from calculations of the number of martensitic plates per unit test volume (N v ) and the mean volume plates (v) and proposed the following equation:
where f is the volume fraction of martensite and can be easily determined by counting the number of lattice points which are occupied by martensite plates. dNv dt is the slope of the plot of N v as a function of transformation time. Therefore, having the plot of (N v ) against transformation time for any steel, the nucleation rate at any instant can be obtained. As it is well-known, the nucleation rate increases considerably during the initial part of the transformation due to autocatalysis and then reduces during later stages. Fig.2 shows the the growth of a few martensite plates and autocatalysis phenomenon at the beginning of the transformation (after 100 time steps). The number of added nucleus is, then, decreased during subsequent time steps as the transformation progresses.
Continuous cooling
Considering continuous nucleation, the number of new martensite phase per unit volume at the temperature T can be determined as [36] :
Nucleation rate, dN dT , can be approximated during continuous cooling for a certain cooling rate. It follows:
where β is the parameter in the Koistinen and Marburger equation as discussed above. V is the mean volume of martensite plates. The computer program is, then, able to calculate the nucleation rate both for isothermal and continuous cooling transformations. 
Results and Discussion

Three dimensional microstructure
Crystal growth by means of reconstructive transformation obeys a scaling law. The scaling factor can be derived from the Ficks law. The growth of the martensite phase obeys a scaling law which differs from diffusion-controlled transformations due to the displacive nature of the transformation. An ellipsoidal martensite plate forms with various growth velocities along the different axial direction, i.e., v = v x = v y = vz η [1, 36] . It follows:
where v s is the speed of sound in steels and η δ s = 0.05 [1] . δ is the uniaxial dilatation. s is the shear strain due to martensitic transformation. Hence, the grain size is related to the growth time in the format:
where the coefficient λ α (n) is anisotropic. The homogeneous nucleation can be simulated by random selection of growth centres. The location of growth centres in heterogeneous nucleation can be simulated by multiplying a random function with a weight function. The number of growth centres is calculated according to the experimental specified mean grain size. For example, a computational logic frame with volume
3 growth centres. Equation 11 is defined in the coordinates fixed to an α grain. The α coordinates, the γ coordinates, and the sample coordinates are denoted by [α; v α ], [γ; v α ],and [sample; v α ], respectively. The transformation from one coordinate system to another can be determined according to crystallographic theory explained in section 2. It follows:
where the transformation (γJα) is available for many steels. α phase has 24 variants due to cubic symmetry and the coherence/semi-coherence of the interface between α and γ phases. When considering a displacive transformation such as martensite the crystallographic set includes shape deformation, habit plane, as well as orientation relationships. This set is mathematically related and should be considered while computing the microstructure of martensite [3, 27, 28] . The set of data which are used in stress free transformation is summarised in table 2. Martensite plates grow from multiple centre within the grid. The lattice points at the sides and edges of the grid are not part of the domain and are just there to contain the system domain. The growth of a martensite plate is halted by internal boundaries such as grain boundaries (the walls of simulation domain) and collision with another plate, as these are high energy barrier that martensite plates cannot cross or nucleate. This kinetic description of α crystal growth has been programmed by C++ language. The computation of a microstructure represented by 200 × 200 × 200 lattices using an ordinary desktop takes about 20 minutes. The numerical result has been plotted by an in-house visualization software AcaVisual, and the numerical results according to this crystallographic data are shown in Fig. 3 . This computer program is applicable to any other scenario provided that habit plane, coordinate transformation matrix (γ J α), and shape deformation matrix (γ J γ) are available. Kurdjumov-Sachs or Nishiyama-Wasserman orientation relationships are widely used in the calculation of texture [37] . However, it is now well-known that the true orientation relationships must be irrational in order to lead to the existence of an invariant line between the parent and product lattices. Invariant line is an essential requirement for the martensitic transformation [1, 3, 27, 28] . Table 2 : Crystallographic data set for stress free martensitic transformation [1] . Fig. 3(a) demonstrates a numerical result of growing α phase within a γ grain in homogeneous nucleation. In heterogeneous nucleation where the surface of γ grain has a greater chance than that inside the grain, the numerical result is demonstrated in Fig. 3(b) . The different colours correspond to the different crystal orientations. The grain morphology of α phase is very similar to that in experimental observation. The crystallographic relationship between α grains and their parent γ grain follows theoretical definition precisely. The calculated three-dimensional microstructure can be analysed quantitatively. Fig. 4 demonstrates schematically the different types of interfaces. The computer program can determine the volume fraction of γ − α interfaces between every two variants of martensite as well as that between martensite and austenite simply through counting the number of lattice points that each interface occupies. 
The variant selection
Gey et al. [38] in their analysis of an austenitic stainless steel discovered that not all the 24 martensitic variants form during transformation under tensile deformation. They demonstrated the selection of particular variants by comparing the measured pole figure with calculated pole figures for all 24 crystallographic variants of martensite. Humbert et al. [6] calculated the crystallographic texture of an austentic stainless steel transformed into bcc martensite in two stages. They assumed that the austenite first evolved to − martensite which eventually transformed into α −martensite. However, Kundu et al. [7] have recently reported that in deformed austenitic stainless steels, it is not necessary to calculate the transformation texture in two stages.
They considered that the most favoured crystallographic variants are those with the highest interaction energies.
Using Eq. 2, the value of U can be calculated and compared with the chemical driving force for the martensitic transformation. If the interaction energy of a variant U ∆G, it is unlikely to be selected [7] . The absolute value of the interaction energy, thus, must be calculated precisely, as it plays a very important role in variant selection [39] .
Another method for determining the interaction energy is based on elasticity theory as described in Ref. [6] . However the correct procedure for calculating U is the model of Patel and Cohen [2] , because the strain associated with martensitic transformation is plastic [7] . Although both methods give the same ranking of U , elasticity theory gives a incorrect value for the interaction energy by a factor of 2 [8] .
The stress normal to the habit plane can be calculated by resolving the traction stress on the habit plane as follows: 15) and the shear stress can be obtained as follows:
where e is the unit vector in the direction of shear and the traction stress for a given system of stresses can be shown as:
Fig . 5 shows the results for an austenitic stainless steel that is studied in Ref. [6] . The values of the interaction energies for the same austenite grain orientation are calculated using the procedure describe in Ref. [1] . As can be seen in this figure, not all 24 variants of martensite are formed. The assumption here, was that only those variants that have positive interaction energies U > 0 can grow during transformation. This assumption was applied for the calculation of crystallographic texture of martensitic and bainitic transformation [5, 7, 8] , and correctly predict the locations where intensities in pole figures are expected. This simulation can be applied to any martensitic steel to model the 3D microstructure. However, such a computation requires both the mechanical and chemical free energies defining the martensite transformation as well as a detailed set of crystallographic data that for the martensitic transformation which includes the habit plane, the shape deformation and the orientation relationships.
Conclusion
A method is presented for modelling the three dimensional microstructure of martensite both in a transformation without an external system of applied stresses and in the presence of the external stresses. The method is based on the kinetics of crystal growth and precisely follows crystallographic theory introduced by Bowles and MacKenzi.
Through this work, it is assumed that the materials structure is free from defects. Also, the interactions between strain fields of martensite plates are not considered in the present model. The method is programmed in C++ and visualized with an in-house software AcaVisual. Indeed, it is able to deal with every circumstance where the shape deformation due to martensitic transformation is defined, provided that detailed crystallographic data is available.
This programme is also extended to transformation in an austenitic steel under external load, where variant selection occurs. The computer program calculates the mechanical free energy which is the interaction energy between martensite and applied stress and allows only those variants with positive U to grow. This criterion was previously employed and was able to accurately predict the location of intensities in pole figure. The program is, then, able to deal with a variety of complexities including various starting austenite textures and different states of externally applied stress.
